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Why Learn This
This chapter examines the underpinnings of mathematical thinking from the viewpoint of an ordinary person engaged in logical argument analysis.  We have all experienced a moment while engaged in an argument when we detect something wrong with our opponent’s reasoning, but we are unable to put our finger on the logical error.  We will try to categorize and analyze the common logical fallacies in this chapter.

Orientation
Logical Thinking and correct reasoning have wide application in many fields.  In all the chapters in this book there is at least one activity which requires logical thinking.  Logic was first studied systematically by Aristotle (384BC - 322BC).  Aristotle and his followers studied patterns of correct and incorrect reasoning.  The work of Aristotle was carried forward by medieval philosophers and theologians.  Gottfried Wilhelm von Leibniz (1646-1716) introduced symbols to represent the ideas in logic.  It was not until 1854 that George Boole formalized symbolic logic and pointed out the connections between logic and sets (Activity 1).  British author, Charles Dodgson under the pen name of Lewis Carroll, wrote Alice in Wonderland which is filled with logic puzzles.  We will look at some of these in Activity 3 later in the chapter.  One of the first non-mathematical application of symbolic logic was made by Claude Shannon in his Master=s Thesis in 1937.  He showed how logic can be used in the design of electrical circuits (Activity 4).  His ideas helped simplify the design of the digital computer.  In this chapter we will examine a number of different strategies which can be used to analyze arguments in daily life.

Here is a list of the activities in Chapter Eight together with the major theme that each emphasizes:

Activity 8.1:
Using Venn Diagrams to Test Conclusions
Theme: Assessment

Activity 8.2
Using Truth Tables to Test Equivalence
Theme: Mathematical Thinking

Activity 8.3
Determining When Arguments are Valid
Theme: Communication

Activity 8.4
Circuits: An Application of Logic
Theme: Problem Solving

Activity 8.5
Solving Logic Puzzles
Theme: Teamwork

Learning Objectives
     1.
To be able to identify and classify instances of correct and incorrect reasoning.

     2.
To learn how to use Venn diagrams, truth tables, and circuit diagrams to analyze arguments.

Performance Criteria
     1.
Quality of your answers to the critical thinking questions in the chapter activities.

     2.
Successful application of logical analysis to everyday conversations and arguments.

Activity 8.1:

Using Venn Diagrams to Test Conclusionstc \l2 "Activity 8.1:Using Venn Diagrams to Test Conclusions

Theme: Assessment

Why Learn This
This activity is designed to introduce a useful tool for analyzing statements containing the quantifiers some, all, and none.  Venn Diagrams provide a visual means for determining when  an argument leads to a valid conclusion and when it does not.  The ability to recognize and use valid arguments is an important skill in every walk of life.

Learning Objectives


1.
Discover how to represent a quantified statement as a Venn Diagram.

2.
Discover how to determine when conclusions are valid.

3.
Understand that learning is fun.

Performance Criteria
1.
Level of understanding of the process for validating arguments.

2.
Quality of answers to the Critical Thinking Questions.

Vocabulary
In the Problem Solving Glossary study the terms: Inductive Reasoning, Deductive Reasoning, Statement, Quantifiers, Venn Diagram, Hypotheses, Validity.
Methodology
	 1. Identify Hypotheses & Conclusions
	What is given and what does the argument imply?

	 2. Draw Hypotheses Venn Diagrams
	For each hypothesis draw circles to show relationship of subject and predicate

	 3. Build a Venn Diagram Tree
	Draw the alternate Venn Diagrams for the hypotheses in a tree-like structure

	 4. Test the Conclusions
	Check each conclusion for validity using the tree of Venn Diagrams

	 5. Check your Results
	Have you omitted any cases which could change your conclusions?


A  Simple Example
	Scenario:  All math teachers eat pizza.  No dieters eat pizza.  Can we conclude that some math teachers are dieters?  Can we conclude that some math teachers are not dieters?  Can we conclude that all pizza eaters are math teachers?  



	

	1. Identify Hypotheses & Conclusions
The two hypotheses are the statements: “All math teachers eat pizza,” and “No dieters eat pizza.”  The conclusions are: “Some math teachers are dieters,” Some math teachers are not dieters,” and “All pizza eaters are math teachers.”  It is clear that both hypotheses are false and the first two conclusions are true, but we are not interested in these facts.  We are only interested in whether the conclusions validly follow from the hypotheses.

	[image: image1.wmf]
2.  Draw Hypotheses Venn Diagrams 
The first hypothesis “All math teachers eat pizza” can be represented either by the concentric circles

Note that the first representation implies that there are pizza eaters that are not math teachers while the second diagram does not.  Both are valid representations of the first hypothesis.  The second hypothesis “No dieters eat pizza” has only one representation as follows:

	[image: image2.wmf]
3.   Build a Venn Diagram Tree


	4. Test the Conclusions
Because there is no overlap between the math teacher and dieter circles we conclude that the first conclusion, “some math teachers are dieters” is invalid.  The second conclusion “Some math teachers are not dieters” is valid because all of the math teachers fail to be dieters, so some of them certainly are not.  The last conclusion “All pizza eaters are math teachers” is invalid because the first diagram shows it is possible to have a pizza eater who is not a math teacher. 

	5.  Check your Results
We seem to have covered all possibilities in our Venn Diagrams.  The only valid conclusion is the second one.


Resources
1.
Methodology and Models in this Activity

2.
30 minutes

Discussion
Step 1. 

Identify Hypotheses and Conclusions









The first step in argument validation is to separate the statements which we diagram (the hypotheses) from the ones we test for validity (the conclusions).  This is usually easy to do.  The hypotheses are always stated first as declarative sentences.  The conclusions are usually in the form of questions.

Step 2. 

Draw Hypotheses Venn Diagrams
[image: image4.wmf]
There are four forms that hypotheses can take:  (1) all x’s are y’s;  (2) no x’s are y’s;  (3) some x’s are y’s; and  (4) some x’s are not y’s.   There are two ways to diagram the first form: concentric circles with the x circle inside the y circle; and a single circle with both x and y inside.  (C.f. model 1).  There is only one way to diagram form 2: two nonintersecting circles, one for x and one for y.  (C.f. model 1).  There are four ways to diagram form 3.  These are shown below:

[image: image5.wmf]
There are three ways to diagram form 4 as shown below:

Step 3. 

Build a Venn Diagram Tree      

In this step we combine the diagrams for the separate hypotheses.  Since there are alternate diagrams for hypothesis forms 1, 3, and 4, we end up with different forms for the combined diagram as well.  These alternate forms are most clearly represented as an inverted tree.  The conclusions must be tested against each of the diagrams at the bottom of the tree.   See model 2 for an example.

Step 4. 

Test the Conclusions 

We must now take each conclusion and see if its statement is consistent with the diagrams at the bottom of the tree formed in the previous step.  As soon as we find a diagram which contradicts the conclusion we can say that the conclusion is invalid.  A conclusion is valid only if it satisfies all the tree bottom diagrams.   I.e., to be considered valid, a conclusion must follow from all combinations of the hypotheses. 

Step 5. 

Check your Results
Because it is easy to miss one or more of the hypothesis combinations, it is important to go back over your work, especially step 3 where you build the hypothesis tree.  If you find that you have omitted one or more hypothesis diagram, you must retest each conclusion against these new diagrams.

Example of the Argument Validation Methodology
Scenario:   All football players are large people.  Some bald-headed people are not large.  Some large people are happy.  Can we conclude that: (a) no football players are bald-headed; (b) some football players are happy; (c) some bald-headed people are not happy?
 Identify Hypotheses and Conclusions
The first three statements in the model are the hypotheses.  Statements a, b, and c are the conclusions. 

Draw Hypotheses Venn Diagrams
[image: image6.wmf]
Build a Venn Diagram Tree
Note: In this diagram,

 “L” represents “Large People”, 

“F” represents “Football Players”, 

“H” represents “Happy People”, and 

“B” represents “Bald People”.


[image: image7.wmf]
Test the Conclusions 

There are eight primary diagrams which form the bottom of the tree and these are numbered.  Dashed lines indicate that an intersection of two circles may take place but does not necessarily take place.  The first conclusion “no football players are bald-headed” is violated by diagrams 4 and 5 and hence is invalid.  The second conclusion “some football players are happy” is violated by diagram 1 since the happy circle does not necessarily intersect the footballer circle.  The third conclusion “some bald-headed people are not happy” seems to satisfy all eight diagrams and so seems to be valid.

Check your Results
[image: image8.wmf]The only results we need to review are the conclusions we said were valid.  For the invalid ones, we have already found contradictory diagrams.  Looking at the second column of diagrams, we see that it is possible to have the happy circle surround the other circles.  We had omitted that possibility.  In order to show that “some bald-headed people are not happy” is invalid, we need a diagram with the bald-headed circle contained in the happy circle; i.e., showing that it is possible that all bald-headed people could be happy.  The following diagram does this and so the third conclusion is, in fact, invalid.

Critical Thinking Questions
  1.
In the example above which of the hypotheses are objectively true?  Which of the conclusions are objectively true?  

  2.
What is the difference between saying that a conclusion is valid and that it is objectively true? 

  3.
When we combine the diagrams for the hypotheses “all cats are animals” and “some animals have fleas”, where do we use dashed lines and where do we use solid lines?   Give one valid and one invalid conclusion that follows from these two hypotheses.

 4.
Which was the most difficult step in the methodology to understand?  Can you reword it and its discussion to make it clearer?

Exercises
Determine which of the conclusions are valid and which are invalid.

   1.
Hypotheses: 
1.  Some criminals are sly

2.  All criminals are lawbreakers

Conclusions:
a.  Some sly people are lawbreakers

b.  All lawbreakers are sly

c.  Some lawbreakers are not sly

   2.
Hypotheses:
1.  Some doctors are surgeons

2.  No lawyers are surgeons

Conclusions:
a.  No doctors are lawyers

b.  Some doctors are lawyers

c.  Some lawyers are not doctors

   3.
Hypotheses:
1.  Some judges are very lenient

2.  Some teachers are very lenient

3.  George is a judge

Conclusions:
a.  George is a teacher

b.  George is not a teacher

c.  George is very lenient

Note: You represent a member of a class (e.g. George) as a dot in the circle corresponding to the class (e.g. judge).  The dot may or may not be in any intersecting circles, but must be in any circle which contains the judge circle.

   4.
Hypotheses:
1.  All mystery stories are exciting

2.  Some mystery stories are novels

3.  No scary things are exciting

Conclusions:
a.  No mystery stories are exciting

b.  Some mystery stories are not exciting

c.  Some mystery stories are not novels

d.  Some novels are exciting

e.  Some scary things are novels

   5.
Hypotheses:
1.  All college professors are interesting

2.  Some tall people are overweight

3.  No interesting people are tall

Conclusions:
a.  All interesting people are college professors

b.  Some overweight people are interesting

c.  No tall people are interesting

d.  No interesting people are overweight

e.  Some tall people are college professors

   6.
Hypotheses:
1.  If a person exercises too much she will get a charlie horse

2.  If a person gets a charlie horse she will ache all over

3.  If a person aches all over she will not be able to take her math final

4.  Mary exercised too much

Conclusions:
a.  Mary will not be able to take her math final

Note: An “if ___ then ___” statement can be replaced by an “all ____ is ____” statement, since the two are equivalent.  I.e., “if a person gets a charlie horse she will ache all over” is the same as “all people with charlie horses ache all over.” 

Activity 8.2:

Using Truth Tables to Test Equivalencetc \l2 "Activity 8.2:Using Truth Tables to Test Equivalence

Theme: Mathematical Thinking

Why Learn This
This activity is designed to introduce the use of truth tables to determine when two statements are equivalent to one another.  Truth tables are easy to use, although they can get big and cumbersome when the statements are complex.  Knowing when statements are equivalent and when they are not is very helpful when you need to simplify arguments.

Vocabulary
In the Problem Solving Glossary study the terms: Compound Statement, Truth Values, Conjunction, Disjunction, Negation, Conditional Statement, Equivalent Statements, Truth Table.
Learning Objectives
  1.
Discover how to put a compound statement into symbolic form.

  2.
Discover how to parse a compound statement and create its truth table.

  3.
Appreciate the value of group roles in facilitating learning.

Performance Criteria
  1.
Level of understanding of the process for creating and using truth tables.

  2.
Quality of answers to the Critical Thinking Questions.

Methodology
	1. Identify the Simple Statements
	Break down the compound statement and assign letter designators to its simple components.

	2. Determine Number of Rows
	For each simple component we must double the number of rows of the truth table.

	3. Label the Columns 
	Parse the compound statement into simpler compound components.

	4. Fill in the Simple Columns
	Place T’s and F’s under the single letter columns so all combinations are included.

	5. Fill in the Other Columns
	Use the truth values of simpler columns to determine those of more complex columns.

	6. Check for Equivalence
	Do we have identical columns under the two statements being tested for equivalence?

	7. Verify  Results
	Have you followed the rules for computing truth values throughout the table?


A  Simple Example
	Scenario:  A friend claims that the negation of the statement “I passed math and I failed English” is “I failed math or I passed English.”  In other words if she wants to say that the first sentence is false, she could use the second sentence.  Is she right?

	

	1. Identify the Simple Statements
The two simple statements are “I passed math,” which we will designate p, and “I passed English,” which we will designate q.  If we have a choice it is clearer to use the positive form of a statement, rather than the negative form.  I.e., we let q  be “I passed English” instead of “I failed English.”

	2. Determine Number of Rows 

Each simple statement can have two truth values “T” or “F”.  Since we have two simple statements we will need four rows in the truth table. 

	3. Label the Columns 



Our goal is to eventually have columns which correspond to the two statements “I passed math and I failed English” and “I failed math or I passed English.”  These can be written p ( ~q and ~p ( q respectively.  Thus we need the following column labels:

p
q
~p
~q
p ( ~q

~p ( q

~(p ( ~q)

The last label is needed because we are really comparing the negation of the first statement with the second statement.

	4. Fill in the Simple Columns

The easiest way to fill in these columns is to make the first column half T’s followed by the F’s.  Then make the second column one quarter T’s, one quarter F’s, etc.  This will ensure that all combinations are present. 

p
q

T
T

T
F

F
T

F
F 

	5. Fill in the Other Columns


In filling in the table we use the rules that a negation has opposite truth values, a conjunction is T only when both its components are T, and a disjunction is F only when both its components are F.

p
q
~p
~q
p ( ~q

~p ( q

~(p ( ~q)

T
T
F
F
   F

    T

     T

T
F
F
T
   T

    F

     F

F
T
T
F
   F

    T

     T

F
F
T
T
   F

    T
 
     T

	6. Check for Equivalence


It is clear from the last two columns of the truth table that the statements “It is false that I passed math and I failed English” and “I failed math or I passed English” are equivalent.  Your friend was right.  In general, when we negate a conjunction it becomes a disjunction and vice versa.

	7. Verify  Results




We were careful to follow all the rules, so we are confident that our results are correct. 


Discussion
Step 1. 

Identify the Simple Statements
The simple statements are those which do not contain any compound connectors, e.g., and, or, not, if - then, or if and only if.  Sometimes “not” is hidden.  E.g., “I failed English” can be interpreted as “I did not pass English.”  We try to use the positive form of each statement as the simple statement.  This makes the assignment and handling of truth values clearer.

Step 2. 

Determine the Number of Rows
Each simple statement can be either true or false.  Thus, each time we add another simple statement to the problem, we have to double the number of rows.  We need all the combinations of the other simple statement truth values to go with the T value of the statement we are adding and the same combinations of the other simple statement truth values to go with the F value of the new statement.  Can you figure out a formula for the number of rows for  n  simple statements?

Step 3. 

Label the Columns      
In this step we first represent in symbolic form the statements we are testing for equivalence.  Then we break down these statements into their components.  We arrange the components in increasing complexity to obtain the columns for the truth table.    See the simple example above.

Step 4. 

Fill in the Simple Columns
There are a number of ways to fill in the columns under the single letters in such a way that all combinations of T’s and F’s are present.  The easiest way is to put T’s in the first half of the first column and F’s in the last half.  Then put T’s in the first quarter of the second column, F’s in the second quarter, T’s in the third quarter, and F’s in the fourth quarter.  Repeat this pattern dividing the third column into eighths, the fourth column into sixteenths, etc.  In this way, all combinations will be represented.

Step 5. 

Fill in the Other Columns
Moving from left to right, fill in each column as you come to it.  The general rules are to reverse the truth values for negation, make a conjunction T only if both components are T, make a disjunction F only if both components are F, and make a conditional F only if the first component is T and the second is F.  Be careful to use the correct columns to get the truth values for the components of a compound statement heading.

Step 6.

Check for Equivalence
If you have organized the truth table correctly, there will be a column for each of the two statements whose equivalence you were asked to check.  If these two columns are exactly the same, then the statements are equivalent and are interchangeable in any argument.  If the columns are not identical, then the statements are not equivalent and you cannot replace one with another.

Step 7.

Verify Results
As always, it helps to check your work.  The most common errors come in not including all combinations of truth values for the simple statements, or not using the correct columns when computing the truth values for compound statement columns.

Resources
Methodology and Models in this Activity

An Example of the Truth Table Methodology

Scenario:  You are asked to check whether the following statements are equivalent: (1) “All boys are nerds or the moon is made of cheese.”  (2) “If you are a boy and you are not a nerd then the moon is made of cheese.”  At first glance, these statements are very different. 

Identify the Simple Statements
From the second statement it appears that we have three simple statements: “you are a boy ” which we designate p; “you are a nerd” which we designate q; and “the moon is made of cheese” which we designate  r.  It seems hard to fit these three simple statements into the “all boys are nerds or the moon is made of cheese” statement until we remember that an “all” statement is really a conditional.  I.e., “all boys are nerds” is the same as  “If you are a boy then you are a nerd.”

Determine the Number of Rows
There are three simple statements.  In the previous model with two simple statements we needed four rows, so we need to double four to get the number of rows needed for three simple statements.  I.e. eight.

Label the Columns
     
The first three columns will be p, q, and r.   We need the negation of q but not of p or r, since both statements contain the clauses “you are a boy” and “the moon is made of cheese.”  We are working towards the following representation of the first statement: (p ( q) ( r and the second statement (p ( ~q) ( r.  We do work in parentheses first.  Thus, the table columns should read as follows:

p
q
r
~q
p ( q

p ( ~q

(p ( q) ( r

(p ( ~q) ( r

Fill in the Simple Columns 

Observe the pattern in the first three columns in the table below.

Fill in the Other Columns
p
q
r
~q
p ( q

p ( ~q

(p ( q) ( r

(p ( ~q) ( r
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T
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F
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Check for Equivalence
Since the last two columns are exactly the same, we see that the two statements in the model were equivalent.  I.e., logically speaking, they say exactly the same thing.

Verify Results
We can go back over the truth table to make sure that it is correct.  Another way to check the answer is to observe that the statement  p ( q is equivalent to the statement ~p ( q.  (You show this using truth tables).  Thus, we can convert  (p ( q) ( r   to   ~(p ( q) ( r   to   ~(~p ( q)  ( r   to  (p ( ~q) ( r.  Since we have converted one statement to the other, we know they will be equivalent.

Critical Thinking Questions
  1.
If we have 2 simple statements, the truth table has 4 rows.  If we have 3 simple statements, the truth table has 8 rows.  How many rows are there for 3 simple statements?         For 5?            For  n?  

  2.
Set up a truth table to verify that the statement p ( q is equivalent to the statement  ~p ( q.  

  3.
In English, the statement “no p’s are q’s” is the same as “all p’s are not q’s.”  Replace the statement  “no p’s are q’s” with a conditional statement.

4.
Of the four quantified statements: “all p’s are q’s,” “some p’s are q’s,” “some p’s are not q’s,” and “no p’s are q’s,” which are negations of one another?

5.
A young fellow makes the following conditional statement to his girlfriend: “If we don’t have a softball game tonight, I will take you to the movies.”  Under which of the following circumstances can the fellow be said to have broken his promise: 

(1) there is no game and he takes her to the movies;

(2) there is no game and he doesn’t take her to the movies;

(3) there is a game but he still takes her to the movies;

(4) there is a game and he does not take her to the movies;

Use your answer to explain the rules for assigning truth values to a conditional statement.

6.
Which was the most difficult step in the methodology to understand?  Can you reword it and its discussion to make it clearer?

Exercises
Determine which of the conclusions are valid and which are invalid.

   1.
Form the negation of each of the following:

a.  All donkeys eat grass;

b.  Some men are honest;

c.  No women are dishonest;

d.  All boys like algebra and some girls like typing;

e.   Some golfers cheat or no swimmers float;

  2.
Determine whether or not the following pairs of statements are equivalent:

a.  “If I pass math I will fail English”

“If I pass English I will fail math”

b.  “If I pass math I will fail English”

“If I fail math I will pass English”

c.  “If I pass math I will fail English”

“If I fail English I will pass math”

d.  (p ( q) ( (q ( r)


(p ( r)

e.   “All boys are nerds and no nerds are likable and Bill is a boy”
“Bill is not likable”

Activity 8.3:

Determining When Arguments are Validtc \l2 "Activity 8.3:Determining When Arguments are Valid

Theme: Communication

Why Learn This
This activity  examines some different forms of arguments and shows how we can use truth tables to determine whether or not they are valid.  We will see that truth tables provide an alternative to complex Venn diagrams that we examined in activity 1.  The ability to know when arguments are valid is very helpful in everyday life.

Vocabulary
In the Problem Solving Glossary study the terms: Direct Conditional, Converse, Inverse, Contrapositive, Tautology.
Learning Objectives
  1.
Discover how to put an argument into symbolic form.

  2.
Understand when a truth table determines that an argument is valid.

  3.
Understand the role of a learning journal in improving your learning skills.

Performance Criteria
  1.
Level of understanding of the process for validating arguments.

  2.
Quality of answers to the Critical Thinking Questions.

Resources
 1.
Methodology and Models in this Activity

 2.
30 minutes

Model
Verify that if we assume that the following hypotheses always yield the given conclusion we have a valid argument: 

Hypotheses:
1.  If it is raining then it is cloudy

2.  If it is cloudy then the temperature is lower

Conclusion:
a.  If it is raining then the temperature is lower

This is called the transitive law for conditional statements.  We first must put the argument in symbolic form in order to put it in a truth table.  If we let  p  represent the statement   “it is raining,”  q  represent the statement  “it is cloudy,”  and  r  represent the statement  “the temperature is lower,”  then this argument becomes   ((p ( q) ( (q ( r))  ( (p ( r).  With three simple statements, we need 8 rows and the following column headings for the truth table:

p
q
r
p ( q
     q ( r
p ( r
    (p ( q)((q ( r)
    ((p ( q)((q ( r)) ( (p ( r)

The truth table is on the next page:

p
q
r
p ( q
     q ( r
p ( r
    (p ( q)((q ( r)
    ((p ( q)((q ( r)) ( (p ( r)
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Since the last column is always true, the given statement is a tautology and the argument is valid.

Critical Thinking Questions
  1.
What is the symbolic form for the following argument introduced by Socrates?  Hint: We can replace  the first  hypotheses with “If John is a man then John is mortal.”

Hypotheses:
1.  All men are mortal

2.  John is a man

Conclusion:  John is mortal

  2.
What are the steps needed to use a truth table to verify that the argument in question 1 is a tautology.  (This form of argument is called “modus ponens”)

  3.
What is wrong with the following argument: “If a number is divisible by 18 then it is divisible by 6.  If a number is divisible by 6 then it is divisible by 2.  The number 48 is divisible by 2.  Therefore the number 48 is divisible by 18.”

4.  
Set up a truth table with columns for p ( q, q ( p, ~p ( ~q, and ~q ( ~p.  Which of these conditional forms are equivalent to one another?

5.
Using the transitive law in the model, we can often connect a long chain of statements and obtain surprising but valid conclusions.  Lewis Carroll, who wrote “Alice in Wonderland” was fond of doing this.  For example, given the following three hypotheses:

1.  Babies are illogical

2.  Nobody is despised who can manage a crocodile

3.  Illogical persons are despised

We can conclude that “babies cannot manage crocodiles” as follows:

Let b represent babies, l represent logical people, d  represent despised people, and c represent people who can manage crocodiles. The hypotheses become (1) b ( ~l  (2) c ( ~d  (3) ~l (d  Since c ( ~d is equivalent to its contrapositive d ( ~c we have the chain  b ( ~l,   ~l ( d, d(~c.  By the transitive law it follows that b ( ~c which is the desired conclusion.

Explain how we obtained the symbolic form of the three hypotheses. 

6.
How can we conclude that “pawnbrokers are honest” from the following hypotheses:

1.  Promise-breakers are untrustworthy

 
2.  Wine-drinkers are very communicative

3.  A person who keeps his promises is honest

4.  No teetotalers are pawnbrokers

5.  One can always trust a very communicative person

7.
It is the following argument valid or not?    Validate your answer.

Hypotheses:  
1.  If Pete gets an A in math and an A in art, then he will be on the honor roll.

2.  Pete is not on the honor roll.

Conclusion:

Pete must not have earned an A in art.

Activity 8.4:
Circuits: An Application of Logictc \l2 "Activity 8.4:Circuits: An Application of Logic

Theme: Problem Solving

Why Learn This
This activity shows how logic can be used to design and simplify complex electrical circuits.  The idea of using logic to simplify electrical circuits, first used in the early 1940s to design electronic computers, has also been used with other flows, such as the flow of a gas or a liquid or even with the flow of light beams.  In addition to the need to understand circuit design to succeed in engineering courses, this concept will also be useful in understanding and repairing ordinary home wiring circuits.   

Vocabulary
In the Problem Solving Glossary study the terms: Circuit, Series, Parallel.
Learning Objectives









  1.
To understand the connection between simplifying logical expressions and simplifying circuits.

  2.
To learn to build circuits from logical expressions and logical expression from circuits.

  3.
To apply the “transfer” learning skill.

Performance Criteria
  1.
Quality of answers to the Critical Thinking Questions.

Measure 1: Completeness  – How many questions did your team answer?

Measure 2: Clarity –  How easy is it for the teacher and the other teams to understand your answers?

Measure 3: Depth – Did the recorder push the team to ask “so what” before finishing each answer?

  2.
Level of confidence of team members in their ability to correctly apply the circuit theory  to everyday electrical problems.

Measure 1: Participation – Rate on scale of 1 - 5 the contributions of each member to the discussion

Measure 2: Competence –  
The number of skill exercises each member completed correctly and that they identified as being correct.

Prerequisites
Understanding of the use of truth tables to simplify logical expressions.

Resources
   1.
Other logic activities.

   2.
20 minutes

[image: image9.wmf]Model
An engineer is faced with the following circuit diagram.  He wants to simplify this diagram to reduce the cost of building the circuit:

First, he translates the diagram into a logical expression using P, Q, and R  to represent the switches.

(((P ( Q) ( (P ( R)) ( ((Q ( (P ( ~R)) ( ® ( Q)))

**

Next, he uses the distributive law to change Q ( (P ( ~R) to (Q ( P) ( (Q ( ~R) obtaining

[image: image10.wmf] 

(P ( Q) ( (P ( R) ( (Q ( P) ( (Q ( ~R) ( ® ( Q)

Note that he can remove the outer parentheses since all the connectors are disjunctions.  Now he notices that  (P ( Q) is the same as (Q ( P), so one of them can be dropped.  Then he postulates that  (Q ( ~R) ( ® ( Q) is the same as the single switch Q by drawing the diagram:

and observing that the current must flow through Q  whether it flows through the top or bottom branch, so if Q is open, current will not flow.  No matter what the position of the switch R, ~R will be in the opposite position, so if Q is closed then current will flow through either the top or bottom branch regardless of the position of r.  The engineer decides to check out this hypothesis using a truth table.

Q
R
~R
(Q ( ~R) 
 ® ( Q)
(Q ( ~R) ( ® ( Q)

T
T
F
    F

     T


T

T
F
T
    T

     F


T

F
T
F
    F

     F


F

F
F
T
    F

     F


F

Since the first and last columns of the truth table are the same, he knows that it is valid to replace   

(Q ( ~R) ( ® ( Q) by Q.  The simplified expression is now:

(P ( Q) ( (P ( R) ( Q

This is pretty good, but he sees that he can factor P out of the first two parentheses using the distributive law again to get:

(P ( (Q ( R)) ( Q

[image: image11.wmf]He draws the final circuit diagram as follows:

He now sees clearly how he must wire the circuit.  If Q is closed, it does not matter what P and R are.  If Q is open, he must wire the circuit so that both P and R must be closed for current to flow.

Critical Thinking Questions
   1.
What is the relationship between the switch R and the switch ~R?  Hint: What happens when we put these two switches in series?     What happens when we put them in parallel?

   2.
Using a truth table where T means that the current flows and F means that it does not flow, explain why we represented two switches P and Q in series as their conjunction and the two switches in parallel as their disjunction. 

P
Q  
(P ( Q ) 
 (P  ( Q)

T

T

F

F

   3.
What would a circuit representing P  ( Q look like?

   4.
Why are parentheses important in the logical expression **?   Hint: omit all parentheses and try to redraw the circuit from the expression.

   5.
What is the logical expression that represents the following circuit diagram?


6.
Given the following logical expression, what is the corresponding circuit diagram both before and after you simplify the expression?

(P ( (Q ( R)) ( (Q ( (P ( R)) ( (Q ( R)

Exercises
 1.
Design a circuit that a three-person committee can use to indicate a simple majority for an issue.  The members push a button for a “yes” vote and do not push it for a “no” vote.

  2.
In a committee of four the chair has veto power; otherwise a majority of three carries an issue.  The issue does not carry in the event of tie votes.  Design the simplest possible circuit that turns on a light to indicate that an issue has passed (as above, to vote “yes” a member pushes a button; to vote “no” he does nothing).

3. Design a circuit with two switches, one at the top and one at the bottom of the stairs such that each will turn on and off a light regardless of the position of the other switch.

Activity 8.5:

Solving Logic Puzzlestc \l2 "Activity 8.5:Solving Logic Puzzles

Theme: Problem Solving

Why Learn This
This activity is designed to help you discover a systematic way to solve a puzzle in which a number of clues are given about the roles of the actors in the puzzle and you are supposed to say who plays what role.  You will find that puzzle solving is a lot of fun.  Learning to approach problems in an organized way will help you become a better problem solver.

Learning Objectives
1.
Discover how to set up a logic puzzle table.

2.
Discover how to fill in the table from the clues that are given.

3.
Gain practice with the different group roles.

Criteria
1.
Level of understanding of the puzzle solving process.

2.
Quality of answers to the Critical Thinking Questions.

Methodology
	1. Identify Names and Roles
	What does the puzzle statement ask us to do?

	2. Build the Puzzle Table
	Prepare a table with the names on left and the roles across top.

	3. Do First Pass Over Table
	Using the clues, put an O if a person must have a role and an X if she cannot have the role.

	4. Complete the Table 
	Determine unfilled entries in the table by process of elimination.

	5. Write out the Solution
	Using the table, write down each person and their role.

	6. Test your Solution
	Are all clues fulfilled with names and roles you have determined?


A  Simple Example
	Scenario:  In a certain bank, the positions of cashier, manager, and teller are held by Brown, Jones and Smith, though not necessarily in that order.  The teller, who was an only child, earns the least.  Smith, who married Brown’s sister, earns more than the manager.  What position does each fill?

	

	1. Identify Names and Roles 
The names are Brown, Jones and Smith.  The roles are cashier, manager, and teller.  We are asked to determine which roles Brown, Jones and Smith play in the problem.  

	2.  Build the Puzzle Table

.

Cashier

Manager

Teller

Brown

Jones

Smith

 

	3.  Do First Pass Over Table
It is clear that Smith cannot be the teller because she does not earn the least and Brown cannot be the teller because she has a sister.  It is also clear that Smith cannot be the manager because she earns more than the manager.  Thus, we can fill in the table as follows:

Cashier

Manager

Teller

Brown








     

   X

Jones


Smith







X


   X



	4.  Complete the Table
By the process of elimination, we must put an O in the teller column in the Jones row and an O in the cashier column in the Smith row.  Once we have an O in a table position we can fill all the other entries in its row and column with X’s.  When we do this, it becomes clear that Brown must be the manager.

Cashier

Manager

Teller

Brown

    

X


    O


    X

Jones

    

X


    X


    O

Smith

    

O


    X


    X



	5.  Write out the Solution
The solution as we have determined it is: Brown is the manager, Jones is the teller, and Smith is the cashier. 

	6.  Test your Solution
This solution satisfies all the clues.  We are confident that it is correct.


Discussion
Step 1. 

Identify Names and Roles
In order to set up the table we must determine who are the actors in the puzzle and what roles they are supposed to play.  It is usually clear from reading the problem what these names and roles are.

Step 2. 

Build the Puzzle Table
Once the names and roles are determined, we can organize the table.  It does not make any difference whether the names are across the columns or beside the rows.  We choose the latter.  Using a puzzle table helps us keep straight the relationships which could be quite confusing if we had to keep track of them mentally.

Step 3. 

Do First Pass Over Table      

In this step we examine the clues, placing X’s in the table if a person cannot play that role, or an O if she must play the role.  It is usually easier to determine the X’s at this stage of the process because it would give too much away if a clue actually told you what role a person played.  The use of X’s and O’s is fairly arbitrary.  Any two symbols would suffice.

Step 4. 

Complete the Table   

If any row or column in the table has all X’s except for one position, then it must have an O in that position.  The goal is to place one O in each row and one O in each column and have all the other entries X’s  because each person can play one and only one role.  Thus, once we place an O in the table, we can put X’s in the rest of its row and column.  This process should enable you to complete the table.  If not, then either you are not reading the clues carefully enough or there is not sufficient information to solve the puzzle.

Step 5. 

Write out the solution
From the table we can use the O’s to determine which people play which roles.  In this step you need to write this information in sentence form. 

Step 6. 

Test your solution
It is essential to go over the clues again and make sure that the pairing of person and role that you made in  the previous step satisfies all the clues.  If there is a discrepancy, go back to step 3 and correct the table.  Then go through the rest of the steps in order. 

Resources
1.
Methodology and Models in this Activity

2.
30 minutes

An Example of the Puzzle Solving Methodology

Scenario:  Boronoff, Pavlow, Revitsky, and Sukarek are four talented creative artists, one a dancer, one a painter, one a singer, and one a writer.  Boronoff and Revitsky were in the audience the night the singer made his debut on the concert stage.  Both Pavlow and the writer have sat for portraits by the painter.  The writer, whose biography of Sukarek was a best seller, is planning to write a biography of Boronoff.  Boronoff has never heard of Revitsky.  Pavlow is not the dancer.  Which type of artist is each of the four?

1.   Identify Names and Roles
The four artists are Boronoff, Pavlow, Revitsky, and Sukarek.  The roles are dancer, painter, singer, and writer.  We are to match each artist with his art form.

2.   Build the Puzzle Table
dancer 

painter

singer

writer

Boronoff

Pavlow

Revitsky

Sukarek

3.   Do First Pass Over Table      

The clues are:

  1.
Boronoff and Revitsky were in the audience the night the singer made his debut on the concert stage.

  2.
Both Pavlow and the writer have sat for portraits by the painter.

  3.
The writer, whose biography of Sukarek was a best seller, is planning to write a biography of Boronoff.

  4.
Boronoff has never heard of Revitsky.

  5.
Pavlow is not the dancer.

From clue 1, it is clear that neither Boronoff nor Revitsky is the singer.  From clue 2 it is clear that Pavlow is neither the writer nor the painter.  Clue 3 tells us that neither Sukarek nor Boronoff is the writer.  Otherwise, it would be an autobiography rather than a biography.  Clue 4 is not helpful at this time.  Clue 5  forces us to put an X next to Pavlow in the first column.  The new table is as follows:

dancer 

painter

singer

writer

Boronoff









X

    
X

Pavlow
   


 X



X





X

Revitsky





   



X

Sukarek












X

4.   Complete the Table   

We can put O’s to indicate that Revitsky is the writer and Pavlow is the singer and fill in the rest of  Revitsky’s row and the singer column with X’s.  Clue 4 now tells us that Boronoff is not the painter since he does not know Revitsky who has sat for portraits with the painter.  Hence we can put an O to indicate that Sukarek is the painter and fill in the rest of Sukarek’s row with X’s.  The only art form left for Boronoff is dancer.  The table is as follows:

dancer 

painter


singer

writer

Boronoff
    


O


     X

   

X


X

Pavlow
    



X


     X

   

O 


X

Revitsky
    


X


     X

   

X

    
O

Sukarek
    


X


     O

   

X

    
X

5.   Write out the Solution
Boronoff is the dancer, Pavlow is the singer, Revitsky is the writer, and Sukarek is the painter.

6.   Test your Solution
This solution satisfies all the clues.  We have confidence that it is correct.

Critical Thinking Questions
  1.
Why is it immediately apparent from the earnings clues in Model 1 that Smith must be the cashier?  Use the blank table under step 2 to complete the puzzle solution starting with this piece of information.

  2.
We did not use clue 4 in model 2 until after we had identified Revitsky as the writer.  For a clue to be helpful, why does it have to contain references to at least one person and at least one role?

  3.
Are all of the clues in Model 2 necessary?  Which one(s) could be eliminated and still allow us to solve the puzzle?

 4.
Which was the most difficult step in the methodology to understand?  Can you reword it and its discussion to make it clearer?

Exercises
Solve the following:

1.   Clark, Daw and Fuller make their living as carpenter, painter and plumber, though not necessarily in that order.  The painter recently tried to get the carpenter to do some work for him, but was told that the carpenter was out doing some remodeling for the plumber.  The plumber makes more money than the painter.  Daw makes more money than Clark.  Fuller has never heard of Daw.   (Which clue(s) is/are misleading?)

2.   In a certain department store, the position of buyer, cashier, clerk, floorwalker, and manager are held by Miss Ames, Miss Brown, Mr. Conroy, Mr. Davis, and Mr. Evans, though not necessarily in that order.  The cashier and the manager were roommates in college.  The buyer is a bachelor.  Mr. Evans and Miss Ames have had only business contacts with each other.  Mrs. Conroy was greatly disappointed when her husband told her that the manager had refused to give him a raise.  Mr. Davis is going to be the best man when the clerk and the cashier are married.  
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